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ABSTRACT

Let G be a finite group of even order, having a central element of order 2
which we denote by —1. If G is a 2-group, let G be a maximal subgroup
of G containing —1, otherwise let G be a 2-Sylow subgroup of G. Let
H = G/{£1} and H = G/{£1}. Suppose there exists a regular extension
L1 of T) with Galois group H. Let L be the subfield of Ly fixed by H.
We make the hypothesis that L; admits a quadratic extension Ly which
is Galois over L of Galois group G. If G is not a 2-group we show that
L) then admits a quadratic extension which is Galois over (7'} of Galois
group G and which can be given explicitly in terms of La. If G is a 2-
group, we show that there exists an element @ € (T') such that L; admits
a quadratic extension which is Galois over Q(T') of Galois group G if and
only if the cyclic algebra (L/QT'),a) splits. As an application of these
results we explicitly construct several 2-groups as Galois groups of regular
extensions of Q(T).

Let G be a finite group and let K be the field Q(T). A regular extension of
Q(T) is an extension containing no algebraic extension of Q larger than Q itself.
The inverse Galois problem for G over K is the question of whether G occurs
as the Galois group of a regular extension of K. If this is the case, then by
Hilbert’s Irreducibility Theorem, G occurs as a Galois group over every number
field: we say that G has the property Galr. In certain cases, it is known that G
has the property Galr, for instance whenever G is an abelian group or when G is
a semi-direct product Ax H where A is abelian and H is a smaller group which

itself has Galr, or when G is a quotient of such a semi-direct product. Whenever
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G is the quotient of a semi-direct product with abelian kernel AxH, then the
question of whether G has Galyp is reduced to the same question for H.

Any group having a normal abelian subgroup not lying in its Frattini subgroup
can be written as such a quotient. Therefore, in order to prove that all finite
groups have Galr, it would suffice to prove it for irreducible groups, i.e. groups
all of whose abelian normal subgroups lie in their Frattini subgroup. The smallest
such group is SL(2,3), of order 24: it is known to have Galy (cf. [F] or [S1]).
The smallest such 2-groups are ten of the 267 groups of order 64. Seven of these
groups have descending central 2-series of length 3 and three of them have series
of length 4. The smallest irreducible p-groups have order p® when p # 2 (cf. [D]).

When it is not known how to prove that a group is a Galois group by considering
its intrinsic structure, one can attempt to consider the group as an extension of
a smaller group and study the embedding problem. We restrict ourselves to the
case where G has a central element of order 2, which we call —1. Let H = G/{£1}.
Then G is an extension of the group H by {£1}, i.e.

1-{+x1}-G-H -1

Suppose we have a Galois extension L; of a field L having Galois group H.
Then we may ask the following question: does there exist a quadratic extension
Ly of Ly which is Galois over L of Galois group G ? It is well known that this
is the case if and only if a certain algebra is split: this algebra is known as the
obstruction to the embedding problem of G over ‘H relative to the fields L and
L,. We call it Ty, 1, n,g: the precise definition is given in §1. In this article we
prove the following theorem:

THEOREM 1: Let G be a finite group having a central element —1 of order 2, and
let H =G/{£1}. If G is a 2-group let G be a maximal subgroup of G containing
—1. If G is not a 2-group let G be a 2-Sylow subgroup of G. Suppose H has the
property Galr, and let Ly be a regular extension of K of Galois group H. Let
H = G/{£1} and let L be the fixed field of H in L. Suppose that T 1, H,G
is split, i.e. that L, admits a quadratic extension Lo which is Galois over L of
Galois group G. Then
(i) If G is not a 2-group, L, admits a quadratic extension L), which is Galois
over K of Galois group G. The field L}, can be given explicitly in terms of
Ls.
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(ii) If G is a 2-group, there exists an element a € K* which can be given
explicitly in terms of Lo, such that L, admits a quadratic extension L
which is Galois over K of Galois group G if and only if the cyclic algebra
(L/K,a) is split.

In §§2 and 3 we prove a more detailed version of the theorem. In §4 we calculate
the element a of part (ii) of the theorem in some small examples. In §5, we give
some examples of applications of the theorem, and in §6 we use the theorem
to prove that the seven irreducible groups of order 64 with descending central
2-series of length 3 have the property Galr and to construct explicit regular
extensions of K having these groups as Galois groups.
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for communicating his list of irreducible 2-groups to me. Special thanks are also
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1. The embedding problem

Let G, H, K and L, be as above and suppose that G is not isomorphic to Hx {£1}.
We begin by recalling the exact statement of the embedding problem and the
definition of its obstruction. Let E(K, L1, H,G) be the set of fields Ly which are
quadratic extensions of L;, Galois over K with Galois group isomorphic to G
such that the diagram

Gal(Ly/K) — Gal(L,/K)

| |

g H
commutes. The set E(K,L;,H,G) is the set of fields L(,/7) which are Galois

over K of Galois group isomorphic to G, and such that the action of the element
—1€ Gon L, fixes L; and sends /¥ to —,/7. It is known that if for some y € L,
we have Ly(,/7) € E(K, L1,H,G), then E(K, L, H,G) = {L1(/77)| r € K*}.
Let {v,] 0 € H} be a set of representatives for G/{£1}. Define a cocycle
¢: HxH — {£1} by vov, = (o,Vsr (We write (, . rather than ((o,7) ). Let
(L1/K, () be the crossed-product algebra associated to the cocycle {: this algebra

is the obstruction to the embedding problem. We recall that it is an algebra of
dimension |H|?. We can define it explicitly as follows: (L1/K,() =3 g L1vo,
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where multiplication is given by the rules v,v, = {s,+¥ » and voa = o(a)v, for
allo € L.

Let us denote by Tk 1, g the equivalence class of (L;/K,{) in the group
Bry(K), the kernel of multiplication by 2 in the Brauer group of K. In general,
we write this group additively and use the notation (a, b) both for the quaternion
algebra (a,b) and its equivalence class in Bry(K). We have the classical result,
proved via Hilbert’s 90th Theorem (see for example [S1] for the proof):

E(K, Ll,H, g) §£ h e TK,L;,’H,Q =0 in Brg(K).

2. The non-2-group case

Suppose G is not a 2-group, and let G be a 2-Sylow subgroup of G. We suppose
as before that ¢ has a central element —1 of order 2 and we set H = G/{*1}
and H = G/{+£1}. Let L, be a regular extension of K having Galois group H.
We make part (i) of the main theorem more explicit in the following lemma:

LEMMA 2: Suppose Tr,1,,Hc = 0, so there exists an element v € L; such
that Ly(,/Y) € E(L,L1,H,G). Let T be a set of representatives for the right
cosets for H in H and set 8 = [],cr (7). Then Tk 1, w6 = 0 and Li(V/B) €
E(K,Ly,H,0).

Proof: We first show that L;(1/B) is Galois over K. To see this, it suffices to
verify that Bo(8) is a square in L; for all ¢ € H. Now, multiplication by an
element of H induces a permutation on the classes 7H, so
Ba(8) = [ r(e(r() = T r(n)7he(v) = [ 728 ()
T€T T€T €T

where the h, are in H. But for each h,, vh-(vy) is a square in L, since by
assumption, L1(y/7) is Galois over L, the fixed field of H. So fo(8) is a square
for all o € H.

Set Ly = Li(v/B). We now show that the Galois group of the extension
Li(+/B)/K is really the desired group G. It suffices to show that Li(v/B) €
E(L, Ly, H,G), since any quadratic extension Ly of L; which is Galois over K
and such that L, € E(L,L;, H,G) must bave Gal(Ly/K) ~ G. We see this
because Gal(L,/K ) must have the two properties that its quotient by the central
element fixing L, is isomorphic to H and its 2-Sylow subgroups are isomorphic
to G. But all such groups are isomorphic. For consider the map

H2(H, +1) % H2(H, %1).
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The group H?(H, 1) classifies the central extensions of H by +1 and H2(H, +1)
classifies the central extensions of H by £1. The restriction arrow is injective
since [H : H| is odd. Therefore, the preimage of the element of H2(H,+1)
corresponding to the central extension G of H is unique and corresponds to the
unique central extension of H by +1 having 2-Sylow isomorphic to G.

To conclude the proof, we only need to show that L;(v/B) € E(L, Ly, H,G).
Recall that Bry(Ly/K) ~ H%(H, L}), and consider the commutative diagram

H2(H,+1) —Besw H2(H +1)

l

H*(M,L}) =~ H*(H, L}).

Let (g be a 2-cocycle in the class of H?(H,+1) corresponding to the central
extension G of H by 1, and (g a 2-cocycle in the class of H2(H,+1) which
is the (unique) preimage of the class of (s under Res (so (g corresponds as
explained above to the extension G of H). Then Tk 1, g is the equivalence
class in Bry(L;/K) of the crossed-product algebra (L,/K,{g), and Ty 1, nc is
the class of the crossed-product algebra (L1/L,{¢). In other words, Tk, i, n.¢
corresponds to the class of (g in H2(H, L}) under the identification Bro(L1/K) ~
H?2(H, L%) and the same is true when H and G are replaced by H and G, and K by
L. By assumption, T 1, g is trivial; therefore, since both restriction arrows
are injective on elements of order 2, Tk 1, 1, is also be trivial. Therefore, if
Li(\/7) € E(L, L, H, G), there exists § € Ly such that L,(v8) € E(K, L1, H,G).
Then (as in §1), we must have v = 6722 for some r € L and X € L;. Now, since
L1(v/$) is Galois over K, we must have 7(6) = 6,2 for all 7 € T, where each
Ar € L. Thus we see that

=11 =1]~@ ]~ I N2

T€T 7€T T7€T T€T
SO

B =sMHITT =(r) [T 70222

T€T TeT
Since [H : H} is odd and [] o 7(r) € K*, we sce that 3 differs from § by mul-
tiplication by a square and an element of K*, so since L1(V8) € E(K, L1, H,G)
by assumption, we obtain

La=IL,(\/B) € E(K,Li,H,G). ®
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It is clear from the proof that this method, i.e. assuming the two hypotheses
that H has Galr and that T 1, yc = 0 has the advantage of considerably
simplifying the obstruction to the embedding problem, reducing it to a much
smaller one, and even more important reducing the explicit construction of the
field baving Galois group G to that of a field having a smaller group G. However,
it has the disadvantage of obliging us to construct fields and obstructions to
embedding problems over extensions of Q(T), which may be more difficult. The
group SL(2,3) is a good example (see §5).

3. The 2-group case

Let G now be a 2-group. Then G can always be written as a product GCs~ for
some n, where G is a non-trivial normal subgroup of G (one can always take G
to be a maximal subgroup, for instance), and C3~ denotes a cyclic subgroup of
order 2". Such a product is called a partial semi-direct product: G is a semi-direct
product Gx Can if GN Can = 1, otherwise it is a quotient of such a semi-direct
product. We make part (ii) of theorem 1 more explicit in the following theorem.

THEOREM 3: Let G be a 2-group, and write G as a partial semi-direct product
GCy~ for some non-trivial normal subgroup G C G. Let € be a generator of the
C,y- factor; we suppose that n is minimal, i.e. that € has order n in G. Let Jet —1
be a central element of order 2 in G which is contained in G. Set H = G/{£1}
and H = G/{£1}. Then H satisfies an exact sequence

1-H->H—->Com —1

for some m < n (if m = n then G is a semi-direct product Gx Cz~ ). Suppose that
‘H has the property Galr, so there exists a regular extension L; of K having Galois
group H. Let L be the fixed field of H in Ly and suppose that Ty, 1, nc = 0.
Then there exists an element a € K* such that
(i) Tx L, 1g = 0 if and only if the cyclic algebra (L/K,a) is split, i.e. if and
only if a is a norm from L to K.
(ii) For any v € Ly such that L(,/7) € E(L,L1,H,G), there exists T € L*
and A € L, such that

a=Mred" (r)’yezm_l('y).
Proof: (i) Consider the following exact sequence of cohomology groups:

12 H2(Com, L*) B H*(M, L) — H*(H, L}).
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The hypothesis that Ty, 1, g g splits is equivalent to supposing that if {: HxH —
L} is a 2-cocycle associated to G as in §1, then Res({) is Li-equivalent to the
trivial cocycle. Then by the exact sequence, ¢ is Li-equivalent to the inflation
of a cocycle in H2(Cym, L*), which means that Tk, 1 3¢ is equivalent to a cyclic
algebra of the form (L/K,a) in Bry(K) for some element a € K*. Such an
algebra is given by (L/K,a) = Zﬁ:—gm_l_l L& where é" = q, and ¢ acts on L
as a generator of Gal(L/K). It is well-known that a cyclic algebra splits if and
only if a is a norm from L to K (see for example [R]).

(ii) The element of H?(Cam,L*) associated to the algebra (L/K,a) can be
given by a cocycle §: Com X Cym — L* defined by £ v = 1 if ¢ + 5 < 27,
i = a otherwise. Since Tk 3¢ is Li-equivalent to (L/K,a), there is a
1-cochain {c, € L;| o € H} such that

o0(cr)Cpr Cor = E57 = {(11 z:::; ; g:’
where & and 7 are o and 7 (mod H), and i and j are such that & = ¢!, 7 = ¢.
Now, set
Yo =a Z c2o(w) + Z czzm_lafzm_la(w)
oc€EH o€H
for some w € L; such that vo # 0 (such a w exists by Artin’s theorem on the
linear independence of characters). Then
ezmql(vo) =a Z ezm—l(co)2e2m_la(w) + Z e2m_1(c€2m—10)262m0(w).
c€H o&H

Now, using the two identities,

gm-1 2 =2 2
€ ()" = Cmo1Com,
and
gm—1 2 _ 2 2
€ (Cam-1,) = €y mo1Cam 0

which follow from the definition of the 1-cochain {c,}, we obtain
m-1 _ m—1 m
" (1) = (cam-1)"2[a Z szm_1062 o(w) + a? Z im € a(w)].
o€H ceEH
Since m is precisely the smallest integer such that ¢2” € H, multiplication of the

elements of H by €2” only permutes them, so this expression can be rewritten as

ezm_l('yo) = afcom-1)7? [Z cfzm_laew‘la(w) +a Z cia(w)],

oc€H o€H
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so in fact
m—1
" (10) = aleam-1) 0.

Now, Li(y/70) € E(L, L1, H,G) since, as is easily checked, vp = c27(vo) for all
7 € H. So any vy € Ly such that Li1(\/7) € E(L, L1, H, G) satisfies vo = rA3y
for some r € L, Ag € L1. Set A = cam1 r‘lfy‘l)\glezm_l()\o). Then as in the
statement of the theorem, we have

a= /\Zrezm—l(r)'ygm'l

(. "

In general, it is easier to work with semi-direct products than with partial ones.
Moreover if a semi-direct product Gx Ca» has the property Galr, then so do its
quotients and in particular the partial semi-direct products GCan.

If G = Gx Ca» and the Cy- factor acts on G via an automorphism of order 2™
strictly smaller than 27, we can simplify the construction of a field having Galois

group G via the following Lemma.

LEMMA 4: Suppose G = Gx Can where the automorphism of G given by € induces
an automorphism of order 2™ on G with m < n. Suppose there exists a field Lo
such that Gal(Ly/K) = Gx Cy= under the same action as that of Cs~. Let L be
the fixed field of G in L,. Suppose that L can be embedded into a Galois cyclic
Cyn extension L' of K with Lyn L' = L. Then Gal(LoL'/K) = Gx Czn.

Proof: This is a direct consequence of the structure of the group G = Gx Can.
Indeed G is isomorphic to the subgroup of Gx Cam X C2- given by elements

{(o,z) € (GxCam) X Can| o (mod G) =z (mod Cyn-m)}.

This is the Galois group of an extension obtained by identifying the isomorphic
quotient fields of Gx Cy= (mod G) and Ca» (mod Can—n). 1

4. The element a

Let G be a 2-group and fix a choice of —1. As before, we write G = GCan
for some normal subgroup G of G containing ~1. As in the previous section,
we set H = G/{£1} and H = G/{£1}. Suppose L; is a Galois extension of
K = Q(T') having Galois group H. Let L be the fixed field of H, so L is a cyclic
2™ extension of K for some m < n. As in Theorem 3, we make the hypothesis
that Ty, 1, 0.¢ = 0 in Bry(L).
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Then by Theorem 3, there exists a € K such that Tk 1, 1,¢ = (L/K,a) in
Bry(K). We compute the element a explicitly in two examples.

Example 1: G = Cg, G = Cy, H = C3, H = C4 (somewhat inelegantly, we write
G = GCg, i.e. Cg = C4C3). It is of course already well-known that the cyclic
group of order 8 has Galr, cf. [M], [S4]; nevertheless it is a good illustration of
the methods described above. Let d € K (not a square) be such that (—1,d) =0
in Bro(K). Then d is the sum of two squares, say d = z2 + y%. Set L = K(\/d)
and for all r € K*, set L, = K(y/rd+ryvd). Let w generate Gal(L/K),
so w(vd) = —vd. Then Gal(L,/K) = H = C,;. Indeed L./K is a Galois
extension since (rd + ryvd)w(rd + ryv/d) = r2z2d which is a square in L. But
Ny k(y/rd + ryvd) = r?z%d, which is not a square in K, so Gal(L4/K) ~ C,
and the action of a generator ¢ of it is given by

\/rd+ry\/ai—+ \/rd—ry\/c_ll—» —\/rd+ry\/aH —\/rd—ry\/a.

By §1, we know the obstruction to the embedding problem Tk 1, c,,c- It is
the crossed-product algebra

3
o
=0

where € is a generator of Cg, so €*

= —1, and multiplication is given by the action
of e on L, as a generator of Gal(L,/K). This algebra has dimension 16. We write

it as the tensor product of two quaternion algebras, precisely

(2,d) ® (~1,2rd),

generated as follows: set 0 = ¢ — ¢ and A = \/rd+ ryvd + \/rd— ryvde?;
then (2,d) is generated by o and v/d, and (—1,2rd) is generated by €2 and
A= \/rd —ryVde® + \/rd + ryVd. Tt is easy to check that the two pairs of
generators anticommute, and that the elements of each pair commute with those
of the other. Since (—1,d) is assumed to be trivial in Bro(K) and (—1,2) is also
trivial, we see that

Tk, cocs = (2,d) + (-1,1)
in Bro(K).
We now assume that T 1, ¢, ¢, is trivial and show that Tk 1 ¢, c; becomes
equal to a symbol of the form (a,d). Indeed, Ty 1. ,c,.c, = (=1,7d + ryV/d) in



134 L. SCHNEPS Isr. J. Math.

Bry(L). We easily show that if (—1,7d +ryv/d) = 0 in Bry(L), then (~1,7d) = 0
in Bry(L) and vice versa, for these two algebras are in fact equivalent in Bra(L):
if € is a generator of Cs, we can let (—1,7d + ryv/d) be generated by €? and
\/rd + ryVd, and (=1,7d) by €2 and {/rd + ryvd + \/rd — ryv/de®: clearly over
L each of these algebras contains the other. So the hypothesis that 171, ¢,,c, =
0 actually implies that (—1,7d} = 0 in Bry(L), and therefore (~1,7) = 0 since
(-1,d)=0. So Tk.,,c..cs = (2,d) + (=1,7) = (2,d) in Bra(K), so we can take
a=2.

Example 2: G = Dg, G= Dy, H=C2% H=D,.

Let L = K(Vd), L1 = L(Vb+ ¢Vd, Vb — cv/d) where b2 — dc? = 6 with
K(V/6) ¢ K(Vd). Then Gal(L,/K) = D,. By a calculation of generators
similar to that in example 1 we compute Tk, p,,0s = (2,d) + (2b, —db). Now,
ToL, HG = TL,Ll,Cg,D., = (b+ eVd, b — c\/c_l) in Bro(L). Let us show that
(b+ cVd,b— cVd) = (2b,—6) in Bry(L). Let €, w be generators of Dg such that
€ = w? = 1 and the commutator [¢,w] = —e2. The first algebra is generated
by Vb + ¢v/dw and Vb — ¢v/dew, and the second by the sum and the product of
these two elements.

Now suppose that Tp 1, #.¢ = (2b,—6) = 0 in Bry(L). Then Tk 1, D,,Ds =
(2,d) + (2b, —db) = (2,d) + (2b,d) + (2b, —8) = (b,d) so we can take the element
a equal to b.

5. Two examples of applications of the theorem

We keep the preceding notation, so G is a 2-Sylow subgroup or a maximal sub-
group of G, H = G/{%£1}, and H = G/{*1}.

Example 1: G = SL(2,3) (see [F]).

This group of order 24 actually has a unique and therefore normal 2-Sylow
subgroup G isomorphic to the quaternion group of order 8. The group H is
isomorphic to A4, and H = C2, which can be considered as the subgroup of
Ay given by the permutations (1)(2)(3)(4), (12)(34), (13)(24) and (14)(23). Let
P(z) be a polynomial having Galois group A4 over K, and let 71, 72, 73 and 74
be its roots, A4 acting on them via its permutations. Let L be the fixed field
of H, so [L: K] = 3: we have L = K((r; + r3)?) since it is easily seen that H
fixes L and that [L : K| = 3. Let Ly be the splitting field of P(z), so L; is a
biquadratic extension of L, say Ly = L(ry + r2, 71 + 74). The obstruction to the
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embedding problem Ty 1, c2 o, is given by

TLL,02,00 = (=1, =1) + (=(r1 + r2)?, —(r1 +74)%).

Let (—1,—1) be generated by u; and us with u? = uf = -1, uz = wjus = —uguy,
and (—(ry +12)% —(r1+74)?) be generated by v; and vy with v = —(ry +72)?,
v% =—(r1 + r4)? and vz = v1ve = —vguy. If TL,LI,Cg,Qs = 0 then there exists a

3 x 3 matrix W = (w;;) defined over L such that for i = 1,2,3, Z?zl WijVj = Uj.
By a theorem of Witt (see [W]), if we set v =1+ (r1 + ro)wiy + (11 + ra)wae +
1/(r1 +12)(r1 + r4)wss, then Ly(y/7) is Galois over L with Galois group Qs. By
Lemma 2,if 5= 77’7’2 where T = (234) € A4, then Ly(v/B) is Galois over K of
Galois group SL(2,3). This calculation can be carried out numerically, at least
if one can find the matrix W (see [S1]).

Example 2: A family of 2-groups of nilpotency class 3.

Let G be a 2-group which is a semi-direct product of an extra-special 2-group
G and C; (generated by e of order 2). We recall that an extra-special 2-group
is an extension of C3 by Cs having center and commutator subgroup of order
2: there are no such groups for n odd and exactly two for n even, which take
the forms of central products D}’ and QgD{""?/2. Let us show that G can be
realized as a Galois group over K. Since G is extra-special, H = C7 and H is a
semi-direct product (CF)x Cs: we suppose that the action is not trivial. In order
to show that G is a Galois group, we construct an explicit extension L; of K
such that Gal(L;/K) = H and Tk 1, n,¢ = 0, and then give an explicit element
v € Ly such that L;(,/7) is Galois over K with Galois group G.

Let us choose a particular set of n generators for C7. Since we suppose that
¢ does not act trivially, we can choose an aj such that ¢ does not fix it. Set
as = €(ay). If there exist elements of CJ not in the subgroup generated by a;
and oy on which € does not act trivially, choose one, call it o3 and set ay = e{as).
(Note that a4 cannot lie in the group generated by «; and ay since € is of order
2). Continue this way until there are no more elements on which € does not act
trivially; we have say ay,...,az;. Now for 25 < i < n, we take generators a;
such that e(e;) = ;.

We now construct the field L;. Let d € K be a sum of 2 squares such that
L =K (\/E) is a regular quadratic extension of K. Choose d;,...,d, € L,
independent in L*/(L*)?, satisfying the following properties:

(i) d, and dj are sums of 2 squares in L;
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(ii) For 1 < ¢ < j, dg;—1 and dy; are conjugates over K, and for 2j < i < n,
d; € K*, where d and dy;41,...,d, are all independent in K*/(K*)2, so that

Gal(K(\/E, Vd2it1s - s Vi) K) ~ (Ca)" 2+,

(iii) The symbols (d;, d;+1) = 0 in Bra(L) for all odd ¢ with 1 < i < n.

Properties (i), (ii) and (iii) can be simultaneously satisfied by choosing each d;
successively of the right form and such that (d;—1,d;) = 0.

Set Ly = L(\/dy,...,/d,). Then L, is Galois over K with Galois group H, and
Tk,L,,1,¢ = 0. Indeed, the action of each a; on L; is given by oy(v/d;) = —/d;
and «; fixes the other \/d_j, and the action of € is given by e(\/E) = —Vd,
€(v/dai—1) = Vdg; for 1 < i < j, and €(v/d;) = /d; for 2j < i < n, s0 L,
is Galois over K with Galois group H. Moreover it is known (cf. [S3]) that
the obstruction Tr 1, m,¢ is given by Y .4 ;(di,diy1) if G has no quaternion
part and (—1,d1d2) + Y 4q ;(di, diy1) if it does, so conditions (i), (ii) and (iii)
on the d; show that Ty, 1, g,¢ = 0; indeed they were created for that purpose.
The point of the construction is to give an element v € Ly such that L;(,/7)
is Galois over L of Galois group G. This is done as follows: for each odd i,
the field E; = L(V/d;, \/d,_ﬂ ) is a biquadratic extension of L, and since we have
Ty E:.c2.D0 = (d;,d;y1) = 0, there exists an element §; € E; for each odd i
such that E;(/5;) is a D4 extension of L. If G has a quaternion part, replace
6; by an element of E; such that E;(v/8;) is a Qg extension of L; such an
element exists because the obstruction to the embedding problem Ty, g, c2 0, =
(—1,d1dz) + (d1,d2) = 0. The §; can all be easily calculated explicitly: for the
quaternion one see [W], and for the dihedral one, if (d;,d;+1) = 0 then there exist
z; and y; € K such that d;z? + d;+1y? = 1, and we can set §; = 1 — z;/d;. Set
¥ = Jl,qq ; 0i: then by construction, Li(,/7) is a Galois extension of L having
Galois group the extra-special group G. We want to show how to modify this
field, if necessary, for it to be Galois over K with Galois group G.

We are now in a position to apply the methods of theorem 3. By this theorem,
we know that there exists a € K, depending on L1, such that Tk 1, »,¢ = (a,d)
and that a can be calculated via the equation yy¢ = aA? for some A € L;. We
will arrange the field L,, i.e. choose the elements d;, in such a way as to make
~~¢ into a square, so a = 1. It will suffice if each E;(1/§;) is Galois over K of
Galois group Ds (except for Ey(v/81), which must have Galois group Dy if G
has a quaternion part: here ﬁ4 is the central extension of Dy by {£1} having
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generators z and y with relations z¢ = (zy)? = —1 and y? = 1). This is satisfied
if in addition to properties (i), (ii) and (iii), the d; satisfy

(iv) Tx g, p;.Ds = (2,d) + (di + dit1, —dd.;d.;.,_l)) =0foriodd, 1 <i<mn,
unless G has a quaternion part, in which case we ask that

TK,E],Dq,D4 = (—2, —d) + (—d1 —ds, —ddldg) =0

in Bra( K).

These two obstructions are well-known; the Dg one was given in example 2 of
§4; for the Dy one, see [S2].

When the d; satisfy (iv), then the §; can be chosen such that F;(6;) is Galois
over K of Galois group Dg (resp. D,). This implies that 6;65 is a square in
E; for each odd i, so of course yy¢ is a square, a = 1, Tk 1, vg = 0 and
Gal(L1(y/7)/K) = G. Thus we have

LEMMA 5: Semi-direct products of extra-special 2-groups with Cs have the prop-
erty Galp.

We remark that it is easy to generalize this result to any extension of C3 by
C; in the place of the extra-special group.

Remark: We note that we could have given condition (iv) together with the
other conditions directly, and then proved that Li(,/7) was the right extension
without mentioning the element a. This would have had the disadvantage of
giving no indication as to how the extension was found. In the following section,
however, we do give the extension directly and then prove it is the right one
without ever mentioning the element a. We point out here that the procedure
used to find the extension in each case was analogous to the one used in this
example: choose a maximal subgroup G C G, build an extension L; having
H = G/{£1} as Galois group, let L be the fixed field of the image H of G in
H = G/{+£1}, and build an extension L of L; having Galois group G over L
(that you can do this is a strong assumption on L; which must be realized). Then
calculate the element a such that (a,d) gives the obstruction to L, being Galois
over K, and arrange L, so that this obstruction becomes trivial.

6. The smallest irreducible 2-groups

The smallest irreducible 2-groups are 10 of the 267 groups of order 64, which were
calculated by Ralf Dentzer using the SOGOS system for calculations in solvable
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groups developed by R. Laue, J. Neubueser and U. Schoenwalder in Aachen (cf.
[LNS]). As mentioned earlier, seven of these groups have descending central 2-
series of length 3. In this section we prove that these seven groups all have the
property Galr and construct explicit regular extensions of K having them as
Galois groups. The three groups of length 4 are technically more difficult to
obtain but should also give way to similar techniques.

Let G1,...,G7 denote the seven groups of order 64 having no abelian normal
subgroup not lying in the Frattini subgroup and descending central 2-series of
length 3. In general, we use the following strategy to prove that the groups
G; have the property Galy. We write G; as a quotient of a group of the form
G x Cy» where G is a normal subgroup of G;: in each case we can take a group G
of order 16. Let € be a generator of the Csy» factor: if the action of € induces an
automorphism of G having order 2™ for m < n, we explicitly construct a field
having Galois group Gx Cy=, in such a way that we can then apply Lemma 4 to
extend the field to one having Galois group Gx Con.

We use the following notation. A fixed central element of order 2 of G;, con-
tained in G, will be denoted by —1. We set H; = G;/{+1} and H = G/{£1}
We write L; for a Galois extension of K having Galois group H; and L for the
fixed field of H, so L is a cyclic Galois 2™-extension of K. We always write ¢
for a generator of the Cy» factor in G; and H; and also for the automorphisms
which it induces on G, on L; and on Ty 1, u,c. We use the notation [a,b] for
the commutator of two elements of a group, and {(«, 8) for a quaternion algebra
or an element of the Brauer group.

We will need the following result on cyclic extensions of degree 8.

LEMMA 6: Let d € K be such that K (V/d) is a regular quadratic extension of K .
Then K (v/d) can be embedded in a cyclic Galois K -extension of order 8 if and
only if (—1,d) = 0 in Bro(K) and there exists c € K such that (2,d) = (-1, ¢).

Proof: Suppose that K (v/d) can be embedded in a Galois 8 extension L. Let L’
be the cyclic 4 subextension of L. Then L' = K(v/a + bv/d). As explained in §4,
example 1, the obstruction to the embedding problem is given by Tk 1 ¢c,,cs =
(2,d) + (-1, a), so since this embedding problem is trivial by hypothesis, we may
take ¢ to be a. Now suppose that we have an element ¢ such that (2,d) = (-1, ¢).
If (—1,d) = O thend = 22 +y% forsomez,y € K. Set L' = K(y/c+ c—;-\/a) Then
it is immediate that Gal(L'/K) = C4, and moreover Tk 1'.c,,cs = (2,d)+(—1,¢)
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which is zero by hypothesis, so L’ can be embedded into a cyclic 8 extension L.
]

CASE 1: THE GROUPS Gy, Gs AND G3: The first three groups on our list all
have a normal subgroup G of the form D4 x C3, where Dy is the dihedral group
of order 8. Let a, b and ¢ be generators of G such that a®> = b* = ¢ = 1 and
[a,b] = —1, [a,¢] = [b,c] = 1. The group H = G/{%1} is isomorphic to (Cs)3.
Let € be the following automorphism of G:

e(a) = —be, €b)=—a, e€lc)=c

The order of this automorphism is 4, and the order of the automorphism induced
on H is also 4. We have:

Gy = (Dg X C2)x Cy,
Go = ((D4 x C2)x Cg) /(e* = ¢),
Gz = ((D4 X Cz))q Cg)/(€4 = -—C),

where in each case the action of the Cy» factor is given by the above automor-
phism ¢, considered to be a generator of Cy» acting by conjugation.

Suppose we show that G; has Galr. This gives a field L, having Galois group
Gy over K. Let L be the fixed field of G C G; then L is a cyclic 4 extension of
K. To show that G, and G3 satisfy Galy, it suffices by Lemma 4 to show that G,
can be realized in such a way that L can be embedded into a cyclic 8 extension
L' of K which is disjoint from L, as extensions of L. We construct an Ly with
these properties.

We want d € K, not a square, such that (—1,d) = (2,d) = 1. Then d can be
written as a sum of two squares in K, say 2% + y2, and also as 2% + 2w?. For
example, set X =T2~1-T* z=(2T* -T2 -1-TY) /X,y = (2T* - 2T)/ X,
w=(T*-2T3+T%-1)/X and v = (2T?-2T)/X, and let d = z + 9% = u? + 202
Note that d = 7% — 2s? with r = (zu + d)/(z + u) and s = (yv)/(z + u). Let
L = K(y/d 4 yVd). Then by Lemma 6, Gal(L/K) ~ Cj, and the obstruction to
the embedding problem Tk 1 ¢, .c; is (2,d) + (—1,d) which is trivial.

Set z = 1/(r +/d+yVd) € L. Let 2/ = 1/(r + \/d—yVd), 2 = 1/(r -
v/d+yvd) and 2 = 1/(r — \/d ~ yV/d). Then we have the following conditions

which are necessary to ensure that the extensions we construct exist and do not
“collapse”:
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(i) K(2) = L;

(ii) 1/22" = 25* — yVd;

(iii) Ny k(2) is not a square nor d times a square in K (this can be checked
by hand - or, better, by computer).

Let a = 1/2z2", B=1/2'2" and § = 2"2". Let L1 = L(\/a, /B, V§), and let
My = Gi/{£1}.

LEMMA 7: Ly is Galois over K with Gal(L1/K) = H;.

Proof: The conditions (i) and (iii) imply that Gal(L,/L) ~ (C3)3. The action
of G (so that of H) on L, is given by the following diagram:

a b
V& V& -ya
vB -VB VB
VRV, IRV VS

Q

SRR

Let € be the generator of Gal(L/K) ~ C4 sending \/ d+yVd to \/di— yvd. We
extend the action of € to Ly by: e(v/a) = —v/B, e(vVB) = Va, e(V6) = zv/aé,
which shows that L; is Galois over K. In order to show that the Galois group
is H1, we must check that this action of € corresponds to the action of € on the
generators a, b and ¢. This involves checking that ¢~lae, e~lbe and € ce act
like e(a) = —be, €(b) = —a and €(c) = ¢ on v/a, v/B and V8. Note that ~1 acts
trivially on L, and can therefore be ignored. It is immediate that e lce acts
like ¢ on v/a and /B. On V8, we have e(V8) = zvab, E(V8) = —z2'v/aps
and 3(v/8) = 2//B8, so e~ lce(V6) = c(2vab) = (—2Vad) = —B2'2"'VE =
—V6 = ¢(V/6) since 8 = 1/2'2"". The other calculations are analogous. 1

Note that by construction, the field Lo := K(vd)(v/a,/B) is a Galois ex-
tension of K of Galois group D4. The main point in the construction of the
group G; is that given L; = L(\/a, /B, V6), we can give an element 7y €
K(Vd)(v/a,v/B) such that adjoining /7 to this subfield gives a Ds-
extension of K, and adjoining it to L; gives the desired G;-extension
as in diagram 1. The left-hand column shows the construction of a Dg-extension
of K. The obstruction to the embedding problem of a D4 extension into a
Dg extension was given in example 2 of §4; in this example it is equal to
(2,d) + (2- 2%, —d(4s* — dy?)), which is trivial since (2,d) is trivial and 2 - 25
is a square. Therefore there exists v € Lo such that Lo(,/¥) is Galois over K
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with Galois group Dg. Then the field L;(,/7) is the desired G;-extension. In-
deed, Gal(Lo/L) is the normal subgroup D4 x Cs, so it suffices to extend the
action of the generator € of Gal(L/K) to L, and check that it coincides with the
presentation of G;. We know the action of € on L; by lemma 7. To extend it
to Ly it suffices to define its action on /7. But Lo(y/7) N L = K(Vd), so to
define €(,/7), it suffices to choose a lifting 77 of the automorphism Vvd — —Vd
of K(vd) to Gal(Lo(,/7)/K) which restricted to Lo is equal to ¢, and define
e(v7) = n(y/7). Then by construction, e 'ae, e~1be and e 'ce act on /7 like
—be, —a and ¢ respectively.

Ly = L(yA)(V?)

/

LO(\/_ = L(Va, \/B V9)

Lo = K(Vd)(va, /B) L=K\/d+y\/3

c
K(Vd)

C2

Ca

K.
Diagram 1

By the argument in the proof of Lemma 6, L can be embedded into a Galois
cyclic 8 extension L’ of K. This extension can be chosen disjoint from Ly as
extensions of L. For L' being a quadratic extension of L, either LN Ly, = L or
L' C L;. But there are infinitely many Cs extensions L' containing L (recall
from §1 that if L(v/A) is such an extension then the others are all of the form
L(V/rX) for r € K*). The field L, cannot contain them all, so some of them must
be L-disjoint from L. By lemma 4, this proves that G; and G; have Galy.

CASE 2: THE GROUPS G4 AND G5:  These two groups have a normal subgroup
G of the form Qg x Cs, where Qg is the quaternion group. Let a, b and ¢ be
generators of G such that a? = b = -1, ¢ = 1, [a,b] = —1. Let ¢ be the
following isomorphism of G:

e(a) = —bc, €(b)=—-a, e(c)=c.
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Then we have:
Gs = (Qs X Ca)xCy,

Gs = ((Qs x C2)x Cs)/(e* = c).
Thus it suffices to construct G4, as in Case 1, in such a way that the fixed field

of G can be embedded in a cyclic 8 extension. In fact, since H is the same as for
the group G; and the action of € on H is identical, we may take the same fields
L, L' and L; as in the construction of G;. In fact, Case 2 is identical to Case
1 except that the role of Dy is replaced by Dy, the generalized dihedral group.
We need to find d and z as above, such that K(2) is a cyclic regular Galois
extension of K containing K (v/d), and such that setting a = 1/22", 8 = 1/z'2"
and Lo = K(y/a, v/B), we have the following two conditions:

(i) Tr,L, HaGs = TK,LO,D4,D4 =(—a - f,—daf) + (-2,~d) = 0;

(i) Tk,L,c4,c5 = 0.

If condition (i) is satisfied, then G4 has Galr, and conditions (i) and (ii) give
the result for G5 by Lemma 4. We give an explicit example of a choice of d and
z such that conditions (i) and (ii) are fulfilled. Let

27r2 +12r + 3 1272 4+ 6r
- —— and a =

24r2 + 12r 9r2 -1~

for any 7 € K*. Then we take d = 1+ z* such that K (v/d) is a regular extension
of K. Note that (—1,d) = 0 because d is a sum of two squares and (2,d) = 0
because 2z2 + d = (1 + z2)2.

We set
2 =1/(5Va+y[3(d+ Va).

It is immediate that L = K(z) = K(1/3(d + V/d)) is a cyclic Galois 4 extension
of K. Weset o =1/zz" =d— 2vdand B =1/2'2" = d+ 2vd. Then since
aff = d? — 24, the field L(v/a, /B) is a biquadratic extension of L. The choice
of d and 7 satisfies conditions (i} and (ii) as follows.

(i) We see that

(— = 8, ~daf) + (~2,~d) = (~2d, —d(d® - %d)) +(=2,-1)

25 . 9
—(”2ad-‘ﬁ)_(_2ax _E)
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We obtain a solution to the equation

9
_2X2 4__=Y2
+ 16

by setting X = (9 — 6a)/4a and Y = (9 — 12a)/4a? and expressing , X and Y
in terms of r. The second condition is immediate:

(i) Tr,L,cy,05 = (-1, %d) +(2,d) = (-1, %) +(-1,d) + (2,d) = 0.

This concludes the proof that G, and Gs have the property Galr. As the
explicit construction of the field Lo, it is reduced to the construction of a D4,
which is known (cf. [S2]).

CASE 3: THE GROUPS Gg AND Gy: These groups have normal subgroup G =
C4x Cy generated by elements a and b such that a® = ~1, b* = 1 and [a, ] = —1.
The action of € is given by

e(a) = —ab®, €(b) = —ab.
The groups are given by

Gs = ((Cax Ca)x Cs)/(* = b%),
g7 = ((C4><] C4)>4 Cg)/(64 = —bz).

The action of € is of order 4 so our procedure will be to construct the group
G := Gx (4 in such a way that the Cy extension can be embedded into a Cs
as usual, which will give the result for G and G;. The group G is generated by
elements a, b and € such that a2 = —1, ¥* = 1 and €* = 1, while [a,b] = -1,
[a,€] = —b? and [b, €] = a.

Let d € K be such that (—1,d) = 0. Let L' = K(y/z + yvd) be a cyclic
4 extension of K. Let a, b € K and let Ly = K(\/;+ b\/c_i,\ﬂz—b\/c_l), S0
Gal(Lo/K) = D4. Then

(i) TK,Lo,D«;,Ds = (2(1, —d(a2 - db2)),

(i) Tk, LoL,C2%Cs,(CaxCa)nCs = (ds2a) + (—,0% — db?).

Note that the group (Cy x C4)x Cy is precisely the group H = G/{£1}. Set
d=1+T4z=1,y=1/d,a=2and b= —2/(1+d). Then the elements d, z, ¥,
a and b are such that L’ can be embedded into a cyclic 8 extension L of K and
the embedding problems (i) and (ii) split. This means that we have obtained the
group Gx Cg for the following reason. Let L; be the quadratic extension of LoL’
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having Galois group H. Let Ly = L;(,/¥) where v is an element of Lo such that
Lo(,/7) is Galois over K of Galois group Dg (the field Lo(,/7) will be the fixed
field of the subgroup of G generated by a?, b? and €2?). Then Gal(L;/K) = G and
Lo L has Galois group Gx Cs over K. So Gg and G7 have the property Galy.
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